
v e r s e  d i m e n s i o n  of m e a n  eddy  a t  w a l l ,  m;  y+ = y / / . ,  d i m e n s i o n l e s s  c o o r d i n a t e  ; u + = u / u . ,  d i m e n s i o n l e s s  v e l o c -  
i t y ;  v, i n j e c t i o n  v e l o c i t y ,  m / s e c ;  v +=  v / u , ,  d i m e n s i o n l e s s  i n j e c t i o n  p a r a m e t e r ;  k, r o u g h n e s s  he igh t ,  m.  Sub-  
s c r i p t s :  *, flow p a r a m e t e r s  for  y+ = 1; 6, f low p a r a m e t e r s  for  y = 5; W,  w a l l  p a r a m e t e r ;  s ,  flow p a r a m e t e r  
a t  r o u g h  s u r f a c e  wi th  ,P = 1; 0, i n i t i a l  flow c o n d i t i o n s ;  v, flow c o n d i t i o n s  c o r r e s p o n d i n g  to  i n j e c t i o n  v e l o c i t y v .  
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HYDRODYNAMIC REACTION TO ACCELERATED ONE- 

DIMENSIONAL MOTION OF GAS BUBBLES OF 

VARIABLE VOLUME IN AN UNBOUNDED LIQUID 

S. K. Dymenko and V. N. Kuchktn UDC 541.24:532.5 

A s o l u t i o n  i s  g iven  for  the  p r o b l e m  of  the  h y d r o d y n a m i c  r e a c t i o n  of an e l l i p s o i d a l  gas  bubb le  
of v a r i a b l e  v o l u m e  to a c c e l e r a t e d  m o t i o n  and the r e l a t i o n  b e t w e e n  the va lue  of the  a p p a r e n t  
m a s s  and the e c c e n t r i c i t y  of the  bubb le .  

In [1] the  p r o b l e m  of the  mo t ion  of  g a s  b u b b l e s  wi th  c o n s t a n t  v e l o c i t y  in an unbounded vo lume  of  l iquid 
was  s o l v e d ,  and  a r e l a t i o n  was  e s t a b l i s h e d  b e t w e e n  the  c o n s t a n t  v e l o c i t y  a t  which  the bubble  r i s e s  to the  s u r -  
f ace ,  the  f o r m  of the  bubb le ,  and  the  f o r c e s  of v i s c o u s  f r i c t i o n .  In a n u m b e r  of t e c h n i c a l  d e v i c e s ,  mo t ion  wi th  
v a r i a b l e  v e l o c i t y  and v a r i a b l e  bubble  v o l u m e  is  r e a l i z e d .  The  v a r i a b i l i t y  of the  v e l o c i t y  l e a d s  to a d d i t i o n a l  r e -  
s i s t i n g  f o r c e s  [2]; a c c o r d i n g  to  the  a v a i l a b l e  l i t e r a t u r e ,  the  m a g n i t u d e  of t h e s e  f o r c e s  a s  a p p l i e d  to the  v a r i -  
a b l e  v o l u m e  a c t i n g  on a gas  bubb le  in the  f o r m  of an  ob l a t e  e l l i p s o i d  of r e v o l u t i o n  has  not  been  d e t e r m i n e d .  

In  an  e l l i p s o i d a l  c o o r d i n a t e  s y s t e m  p l a c e d  with  c e n t e r  of m a s s  of the  bubb le  f loa t ing  with  v e l o c i t y  U, 

x = cch~cos l l  cos q~; g = cch~cos ~lsin ~; z = csh ~sin ~1 (1) 

for  n o n s y m m e t r i c  po t en t i a l  mo t ion  the  g e n e r a l  so lu t i on  for  the  v e l o c i t y  p o t e n t i a l  has  the  f o r m  [1] 

~p (~, 11) = [Ai sh ~ - -  B (sh ~ arc tg sh ~ + 1)1 sin ~1 (2) 

H e r e  i = ~ and the unknown c o e f f i c i e n t s  A and B a r e  d e t e r m i n e d  f r o m  the b o u n d a r y  cond i t i ons  

1 &p (~, ~) 
lira V- chZ~ - -  cos2q O~ " = U sin ~1, (3) 

= = c  " V - ~ - h - - c o s %  (4)  
On Ot 

In Eq.  (4) and be low,  the  i ndex  0 d e n o t e s  po in t s  t ha t  b e l o n g  to  the  s u r f a c e  of  the  bubb le .  

I f  we t ake  into  accoun t  (3) and (4), the  e x p r e s s i o n  for  the  v e l o c i t y  p o t e n t i a l  a c q u i r e s  the  f o r m  

qo(g, 1 0 =  UCL L - -  s h ~ - t - s h ~ a r c t g s h ~ + l  sin~l + L 0t c h ~  
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For  b r ev i t y  in writ ing,  in (5) we introduce the notation 

L = ~ - -  arc tg sh ~0 - -  th ~___2_0 (6) 
2 ch ~0 

The f i r s t  t e r m  in (5) coincides  with the expres s ion  for the ve loc i ty  potential  of a gas  bubble 0f constant  volume 
[1], and the second d e s c r i b e s  e f fec ts  that  a r i s e  with change in the volume.  

I f  the veloci ty  v a r i e s  in t ime ,  then on the bubble there  will ac t  fo rces  of iner t ia  due to the var ia t ion  of the 
nea r  field of flow of the liquid. The nea r - f i e ld  potential  is given by the equation 

~Pn(~, n ) =  q~(~ , ~l)--lirn~p(~, n)=q)~(~, ~l)+qg~(~, n), (7) 

where  

@i(~' ~ ) ~ - - U c "  L ( ~ s h g - - s h g a r c t g s h g - - 1 ) s i n n ,  (8) 

q)~(~, ~1)= 0~o ca~ ch~~176 ( 2 s h g - - s h ~ a r c t g s h ~ - - l ) "  (9) 
Ot L ch ~o 

Equation (8) d e s c r i b e s  the nea r  field of the ve loc i t ies  for a c c e l e r a t e d  motion of the cen te r  of m a s s  of the bubble 
and comple te ly  a g r e e s  with that  obtained e a r l i e r  in [1], and ~2($, V) is the veloci ty  field of the liquid that a r i s e s  
for motion of the bubble boundary  no rm a l  to the su r face .  

I t  is obvious that the d is t r ibut ion  of the potent ia l  ~2($, V), which is s y m m e t r i c  with r e s p e c t  to the z and 
r = "/x2+y 2 axes ,  leads to fo rces  act ing on an e l emen t  of the bubble su r face  that  a r e  a l so  s y m m e t r i c  with r e s p e c t  
to the coordinate  axes .  T h e r e f o r e ,  the r e su l t an t  of these  fo rces  applied to the cen te r  of m a s s  of the bubble will 
equal  zero .  Neve r the l e s s  the change in potential  ~2(~, 7) in t ime  change a change in the f ree  ene rgy  of the l iq -  
uid by an amount  [2] 

T 2 - -  P ; ~  q)~(~o, 'q) Oq).,.(~.~, ~1) ds. (10) 
2 " ~  On 

s 

Here  8~2(~0, ~)/On is the n o r m a l  component  of the veloci ty  of the su r face ;  

O~o (11) Oq~ (~o, '1) _ c V ch2~o - -  cos 2 ~1 , 
02 at 

ds --- 2ac a ch ~o cos ~1 ]/chz ~o - -  c~ ~1- (12) 

With account  of (11) and (12), Eq, (10) takes  the fo rm 

T2 = - - 2 ~ p c  5 shS~0 1 Lch 2~0sh~0 3sh 2~0 + 5sh ~0 " " 

Thus,  the quanti ty (13) mus t  be ca lcula ted  in p rob l ems  connected with the equation of ene rgy  balance.  

The a s y m m e t r y  with r e s p e c t  to the r =cch~cos~? axis  of the veloci ty  potential  ~1(~, 7) leads to the ap p ea r -  
ance of nonzero  re su l t an t  fo rces  of  r eac t ion  Fr  of the liquid to the a c c e l e r a t e d  motion of the bubble.  In a c c o r -  
dance with [2], F r is de t e rmined  as  the der iva t ive  with r e s p e c t  to t ime of the momen tum of the liquid B 1 su r -  
rounding the bubble: 

B i - - - p :  ~,(~o, ~l) nds, (14) 
s 

where  ~1(~0, 7/) is the magnitude of the potential  ,I,l(~, r/) on the boundary of the bubble with the liquid; ~ i s  the 
vec to r  of the n o r m a l  to the bubble su r face ;  

n = ch go sin ~1 (15) 
V ch~ ~o - -  c ~ ~1 

As a r e s u l t  of subst i tut ion of (12) and (15) into (14) and subsequent  integrat ion,  the magnitude of the momentum 
is de t e rmined  f r o m  the e x p r e s s i o n  
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Fig. 1. Dependence of the apparent  mass  
of an ell ipsoidal bubble of constant volume 
on the rat io ofthe axes of the el l ipse.  The 
quantity Xe/X s is the rat io of the apparent  
masse s  of an ellipsoid of revolution and of 
a sphere;  sh~0/ch~ 0 is the ra t io  of the 
minor and major  semiaxes  of the ell ipse.  

where the quantity 

4 ( 
B, = -~ ~9caU shBochZ~-- L ) '  

(16) 

t.~_ 4 ~pca (sh~0ch2~o 1 a - T ) (17) 

determines  the apparent  mass  of the liquid for motion of an oblate ellipsoid of revolution. 

For  c ~ 0 ,  ~0--oo, and the condition cch~0 = R, the ell ipsoid of revolution is t r ans fo rmed  into a sphere of 
radius R, and (17) is t r ans fo rmed  into 

2 (18) 
lira ~'e = aP Ra = )~" 

Thus, in the limit, Eq. (17) also descr ibes  the apparent  mass  of a sphere.  

The reaet ion force of the liquid F r to the acce lera t ing  bubble is determined by the equation 

0 
Pr = (~4Y) (19) 

0t 

F r o m  (19) it follows that the react ion force of the liquid to its own action tends to re ta rd  the change in velocity 
and bubble volume. The magnitude of the force depends considerably  on the form of the gas bubble and the rate 
of change of volume. As is shown by an analysis  of Eq. (19), for fixed bubble volume, owing to only a change in 
the apparent  mass ,  the react ion force is changed f rom a value equal to the react ion force of the liquid on a 
spherical  bubble to an infinitely large value. The latter cor responds  to the t ransformat ion  of the bubble into a 
plane of �9 extent. The dependence of the apparent  mass  of the bubble on its form is i l lustrated in Fig. 1. 
The rat io of the minor axis of the ellipse to the major  axis is plotted along the absc issa ,  and along the ordinate 
we plot the ra t io  of the apparant  mass  of the ellipsoid of revolution to the apparent  mass of the sphere of the 
same volume, i.e., we have a graph of the function 

~e - - 2 ( 1  1 ) (20) 
~s L ch ~ ~ sh ~ ' 

obtained by division of Eqs.  (17) and (18) for the condition Ve = Vs = const. Figure 1 shows that the general ly 
assumed idea l i za t ionof  gas bubbles as spheres  can cause sizable e r r o r s  in a quantitative analysis of the motion 
of g a s -  liquid mixtures .  

N O T A T I O N  

~o(~, ~), velocity potential; V, velocity of motion of the bubble with respec t  to the liquid; (b(~, ~), velocity 
potential of the near field; T2, kinetic energy  of the liquid due to the variat ion in bubble volume; Fr, react ion 
force of the liquid; B1, momentum of the liquid; ~e, apparent  mass  of the ellipsoid; p, density of the liquid; 
Ve, volume of the ell ipsoidal bubble. 
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B R E A K U P  O F  AN A N O M O L O U S L Y  V I S C O U S  

F I L M  I N  A C E N T R I F U G A L  F O R C E  F I E L D  

I . M .  N a f i k o v  a n d  N.  K h .  Z i n n a t u l l i n  

L I Q U I D  

UDC 532.135 

An equat ion is obtained for  the breakup  rad ius  with cons idera t ion  of t ipping moment s  and Lapla-  
clan p r e s s u r e  fo rces  act ing on the liquid r idge at the c r i t i ca l  point. 

As is well  known, in cent r i fugal  a t o m i z e r s  b reakup  of the liquid f i lm and drople t  fo rmat ion  may occur  be-  
yond the edges  of the cup, a t  i ts  boundary,  or  on i ts  su r face .  E x p e r i m e n t s  have shown that  in the las t  case  the 
drop le t  d i spe r s ion  b e c o m e s  m o r e  homogeneous .  Study of liquid f i lm breakup  is a l so  n e c e s s a r y  to de te rmine  
the min imum liquid flow densi ty  in f i lm- type  cent r i fugal  devices  [1]. 

The goal of the p re sen t  study is to de t e rmine  the c r i t i ca l  b reakup  p a r a m e t e r s  (liquid f i lm radius  of 
depth) as  functions of the technological  p a r a m e t e r s .  

We will cons ider  the b reakup  of a l amina r  i s o t h e r m a l  f i lm of an anomolous ly  v iscous  liquid which obeys 
a power - type  law on the su r face  of a cu rv i l inea r  cup. E x p e r i m e n t s  have shown that  a liquid r idge is fo rmed  at  
the boundary  between the d ry  and wetted su r face  a r e a s .  We will de sc r ibe  the fo rces  act ing on the liquid r idge 
at  the c r i t i ca l  point G using the notation of [2] (Fig. 1). We a s s u m e  that  the r idge has a cyl indr ica l  su r face  with 
constant  radius  of c u r v a t u r e  R r .  

Cons ider ing  the phenomenon of wett ing angle h y s t e r e s i s  (i.e., the poss ib i l i ty  of s h o r t - t e r m  rota t ion  of the 
liquid f i lm su r f ace  about the c r i t i ca l  point G), we wri te  the equation for the equi l ib r ium state  of the r idge 

where  

M .  + M. + M~ = o, (i) 

M~ = aSc; 
~C 

Mu = - -  .f PV22 8d8; 

0 

ho 

M~ = - -  ,[ paoZr sin a hdh. 
0 

Assuming  that  the ve loc i ty  profi le  is defined [3, 4] as  

we in tegra te  Eq. (3), obtaining 

where  

n+l 

\ n + l ] [ 1 - -  - -  " , 

(2) 

(3) 

(4) 

(5) 

(6) 
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